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Fluid Velocity Profile in Ascending and Descending Layer Heterogeneous 

Porous Media  

Alabi, O.O. and Akanni, I.A. 

Abstract: A laboratory experiment with the heterogeneous layered medium has been extended to 
the concept of flow units in hydrocarbon reservoir systems based on the established refraction-like 
property of fluids at the interface of two media of different porosities. The purpose of this research 
is to improve the accuracy of reservoir systems models by this extension. Numerical simulation was 
applied on both Ascending Layer Heterogenous (ALH) and Descending Layer Heterogenous 
(DLH) experimental data, to obtain the properties of each layered system and deduce models. This 
research shows that when fluid flows from a unit of lower to higher porosity unit, referred to as 
ALH, a maximum volume flux is experienced at higher deflection angles from normal. This 
tendency increases with the increase in porosity difference. On the other hand, a flow from a flow 
unit of higher to that of a lower porosity, referred to as DLH will result in the maximum volume 
flux being experienced at the normal with decreasing magnitude as the deviation increases from 
normal. In addition, the flow becomes more chaotic and less predictable with an increase in 
porosity difference in both ALH and DLH. Furthermore, two methods of models combination to 
obtain a single generalized model were explored. For ALH, the Vector Space Model (VSM) and 
New Model (NM) could be used interchangeably because of the negligible difference in their mean 
absolute error. At the same time, for the DLH, only the VSM is more appropriate. 
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I. Introduction 

Fluid flow through a homogenous porous 

medium can be explained with Darcy law. 

This relates the volume flux with the 

volumetric flow rate, and the boundary area 

holding the medium; for laminar flow [1], [2]. 

This relationship is expressed as: 

   
 

 
                                            

where q is the volume flux (m/s), sometimes 

wrongly assumed as seepage velocity. But the 

actual average pore water velocity is obtained 

from equation (2). This shows how much 

porosity influences fluid transport in porous 

media [3], [4]: 

  
 

  
 

 

 
                                     

Q is the volumetric flow rate (m3s-1), A is the 

average cross-sectional area perpendicular to 

the line of flow (m2), v is the seepage velocity 

(ms-1), and   is the porosity of the medium.  

Permeability (k) can then be obtained from 

hydraulic conductivity (K) using the Hubert-

King relation [4]: 

  
  

  
                                                

Where, ρ and μ are the fluid's density and 

viscosity respectively, and the other symbols 

denote the earlier mentioned parameters.  

However, the relevance of the Darcian flow 

becomes inadequate to explain the 

heterogeneity property of soil or rocks; this 

heterogeneity property results from arbitrary 

changes in porosity in different directions and 

layers [1], [5]. Various studies have established 

and attempted to account for factors that 
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cause these changes, even in soils that are 

reasonably homogenous to the human eyes, 

aside from the known inverse relationship that 

exists between porosity and grain size, 

especially for irregularly shaped grains [6-7].  

From the study of flow in remoulded loess 

specimens, it was observed that the arbitrary 

changes in porosity observed in nature have 

some contributions from bound water. This is 

more observable in instances where the pores' 

diameter is smaller than the thickness of the 

bound water around the particles that makes 

up the pore system of media [1]. This results 

in closely packed media particles, that prevent 

fluids from easily passing through. Also, the 

magnitude of the electrical field of the bound 

water determines the minimum velocity 

needed to break it free, and allow for free flow 

[8-9]. In addition, precipitation and minerals 

dissolution during fluid flow alter the pore 

system, resulting in a directly proportional 

increase in heterogeneous flow field as pore 

roughness increases [10-11].  This alteration 

process begins with nucleation and has a 

complex spatial distribution being influenced 

by factors like chemical properties, mass 

transport properties, mineralogy, temperature, 

pore morphology, and velocity of fluid flow 

[10–15].  

It is of great importance to note that, the 

heterogeneity system in rocks is not static in 

most formations, leading to the classification 

of pores into primary (or dispositional) and 

secondary (or post-depositional) pores. It is 

this constant arbitrary changing secondary 

porosity system (vuggy, moldic, and fractures), 

due to generalized activities like solution flow, 

tectonic movement, and diagenesis, that cause 

complexity in rock structures [16-17]. 

Understanding the fluid flow properties at the 

interface of contact of different porosity 

regimes will therefore increase the accuracy of 

reservoir systems models. 

In order to understand fluid transport 

properties at the interface of contact of 

different porosity regimes, like in-situ soil, and 

in oil reservoirs system now reported, it is 

important to beam light on the pore-scale 

system of fluid flow. Firstly, distinguishing 

between porosity and permeability is 

paramount. Porosity measures the amount of 

void in a medium, compared to the medium’s 

bulk volume, while permeability measures ease 

of flow through such a medium [18–21]. 

Relative permeability can then be said to be 

directly proportional to porosity [22]–[24], but 

this is dependent on the morphological pore 

types being catenary and/or cul-de-sac pores 

[16]. However, [6] found this not to be always 

true, as physical factors affecting the 

correlation between these two parameters 

(permeability and porosity) also differ based 

on formation type. The onus is then on the 

petrol physicist and geologist to understand 

the specific formation being explored before 

assumptions are made. This is the purpose of 

downscaling into the pore-system of 

heterogeneous media [6], [25], [26]. It helps to 

shield more light on the fluid transport 

system, based on the porosity viz-a-viz 

permeability properties [2], [27], [28]. 

  
Figure 1: Schematic diagram to show the 

deflection angle (  ) adapted from [32] 

Figure 1, illustrates the fluid transport system 

in a heterogeneous medium, at the pore scale, 

focusing on the flow pattern at the interface 

of contact between two different homogenous 

media. The first homogenous medium layer is 
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characterized by porosity   , while the bottom 

homogenous layer is characterized by porosity 

  . The deflection of the flow line follows the 

same pattern with the refraction of light, as 

stated earlier. It should be noted that     

  .  

The flow lines deflect to conform to the 

equation: 

     

     
   

  

  
                                    

where,    is the angle between the flowline in 

layer 1 and the interface of contact with layer 

2,    is the angle between the deflected 

flowline in layer 2 and the interface of contact 

with layer 1.     is the porosity of layer 1, and 

   is the porosity of layer 2.  

Figure 1 follows from the work of [29], which 

highlighted the deflection phenomenon of 

fluid flow line at the interface of contact of 

two different media characterized by different 

average permeabilities and its applicability to 

the seepage process of dams. Forchheimer 

was suggested to have probably been the first 

to observe this property in the early 1900s, but 

never took the trouble of making a 

publication on it. [30] discussed the deflection 

at the interface of different media as a 

refraction-like phenomenon, forcing the 

travelling fluid to spend the greatest distance 

possible in the path/section of least 

resistance, which is the most permeable 

medium. This has been reverified by many 

recent experimental works, which have also 

exposed the flow characteristics resulting from 

the refraction like phenomenon and 

corresponding application in the control of 

contaminated fluids [3], [4], [24], [27], [31], 

[32]. A few of the works are discussed briefly 

below. 

From laboratory experiment, a generalized 

relationship between the angle of deflection of 

a fluid flowing through two interfaces and 

porosity ratio of the interface was established 

as: 

                                      

where   is the angle of deflection in degrees, 

and    is the porosity ratio between the 

interface [31].  The relationship of the cosine 

of the angle of deflection to porosity ratio was 

obtained as:  

                                      

where   is the angle of deflection in degrees, 

and    is the porosity ratio between the 

interface [32].  

[33], through laboratory experiment explored 

the velocity distribution curve parabola 

pattern based on Hagen-Poiseuille law. It was 

established that, for a circular pipe filled with 

layers of sand of different porosities, the 

velocity of a fluid passing through the pipe 

from the lower to the higher permeable layer, 

increases from the centre to be maximum at 

the pipe wall. However, the velocity of the 

fluid increases from the wall to be maximum 

at the centre of the pipe, when flowing from 

the higher to lower permeable layer. Hence, 

the former arrangement could be suitable for 

deflecting contaminated fluids to the direction 

of choice. The work agrees with [3]. 

To the best of our knowledge, none of the 

previous works provided a model for fluid 

flow in both directions (a forward and reverse 

directional flow), based on volume flux as a 

function of angle of deflection. The two 

models available from the literature merged 

both types of flow and expressed a 

relationship between the angle of deflection 

and porosity ratio [31-32]. Also, such models 

are only applicable to environmental control 

problems. 
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In this work, we intend to relate volume flux 

to the angle of deflection as a model 

applicable to hydrocarbon reservoirs. 

Furthermore, a novel numerical method for 

combining models will be proposed. The 

extension of the flow system to hydrocarbon 

reservoirs is based on flow units as introduced 

by Dale Winland of American Chemical and 

Oil Company’s (AMOCO) Research 

Department, as reported by [34]. In the 

Hartzog Draw reservoir study in Wyoming, 

USA, a flow unit was defined as a subdivision 

of a reservoir that is characterized by lateral 

and vertical continuity and has similar 

permeability, porosity, and bedding 

characteristics [35].  

The data were obtained from the work of [33]. 

The inference from the paper was briefly 

discussed earlier. More details on how the data 

were obtained are available in the paper. The 

setup of the laboratory experiment satisfies 

the classification as a series of two different 

flow units since, from the available data, each 

sample is characterized by different porosity, 

permeability, grain size, and hydraulic 

conductivity. This should result in different 

storage capacity, flow capacity, and reservoir 

process speed [36]–[46]. 

II. Methodology 

A plot was made from the data in Table 2. 

Figures (2-4) shows the plot of Volume Flux 

against Outlet Angle and the accompanying 

3rd order polynomial regression model for the 

forward fluid flow (ABΔP, ACΔP, and 

ADΔP), while Figures (5-7) shows the reverse 

case (BAΔP, CAΔP, and DAΔP). The models 

generated for each plot and the associated 

statistics summary are shown in Table 3.  

To deduce a generalized model from the six 

models (3 for the forward, and 3 for the 

reverse directional flow), a solution has to be 

found that solves the three systems of the 

equation for each directional flow.  

A. Pseudo-inverse matrix 

Given three systems of equations which are 

the models generated from the plots for the 

forward directional flow of the form (same 

applies to the reverse case): 

                          

                                 (7) 

                         

These systems of equations can be re-written 

in matrix form [47], [48]: 
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This results in: 

                                    

Making M(x,y,z,k) the subject of the formula: 

 

 
                                     

Therefore;  
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Table 1: Values for Porosity, Hydraulic Conductivity, and Permeability for Sand Samples  

A-D [33] 

Sample Porosity 

Hydraulic Conductivity (K) x 

10-4 

(ms-1) 

Permeability (k) x 10-11 

(m2) 

A 0.250 ± 0.010 0.460 0.470 

B 0.333 ± 0.002 1.010 1.060 

C 0.364 ± 0.001 1.140 1.160 

D 0.420 ± 0.010 3.290 3.360 

 

Table 2: Volume Flux at various Outlet Angles for Ascending Layer Heterogenous (ALH) and 

Descending Layer Heterogenous (DLH)) [33]. 

 
Volume Flux for Ascending Order of 

Porosity (ALH) 

Volume Flux for Descending Order of Porosity 

(DLH) 

Angle 

of 

Outlets 

(°) 

ABΔP = 

0.083 

q x 10-4 

(ms-1) 

ACΔP = 

0.114 

q x 10-4 

(ms-1) 

ADΔP = 

0.170 

q x 10-4 

(ms-1) 

BAΔP = 

0.083 

q x 10-4 

(ms-1) 

CAΔP = 

0.114 

q x 10-4 

(ms-1) 

DAΔP = 0.170 

q x 10-4 

(ms-1) 

0 0.0047 0.0071 0.0141 0.1543 0.1543 0.1760 

20 0.0071 0.0071 0.0153 0.1095 0.1272 0.1398 

50 0.0518 0.0542 0.0130 0.0448 0.0730 0.0836 

70 0.0506 0.0495 0.0683 0.0247 0.0306 0.0836 

90 0.0071 0.0141 0.0612 0 0 0 

 

 

 

 

 

 

 

 

 

The limitation now comes up, in the process 

of mathematically obtaining the inverse of the 

matrix denoted by F.  This is because the 

matrix is non-square. Instead, it can be 

described as a rectangular matrix, meaning the 

prerequisite determinant needed to obtain an 

inverse cannot be computed [49].  This is a 

product of an under-determined system, with 

more unknowns than the number of 

equations [49]. Of course, this is not unusual 

for laboratory experiments, where the trial 

measurement are sometimes limited due to 

circumstances beyond the control of 

researchers.  

Since it is impossible to find    , the pseudo 

inverse (  ) can be employed. This is also 

known as the Moore-Penrose Generalized 

Inverse (MPGI). It gives a vector M that 

**Note: 

ABΔP is the change in porosity between sample A and B 

ACΔP is the change in porosity between sample A and C 

ADΔP is the change in porosity between sample A and D 

BAΔP is the change in porosity between sample A and B 

CAΔP is the change in porosity between sample A and C 

DAΔP is the change in porosity between sample A and D 

A negative sign is absent for the reverse (DLH) case because porosity cannot be negative  
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makes         from equation (12), 

closest to zero [49]–[53]. From equation (7), 

since there are more unknowns compared to 

the number of equations, this results in the 

number of rows (m = 3) being lesser than the 

columns (n = 4) as seen in equation (10). 

Therefore, F is of a row ranked matrix type, 

which commands the use of the right pseudo-

inverse (equation 15). Of course, this could be 

fully ranked or not, depending on the matrix 

obtained after row reduction [49, 53]: 

                                   

Since the pseudo-inverse solutions that are 

obtainable are infinite, it is then important to 

be able to choose the unique solution, that 

guarantees a minimum Euclidean norm ([52]–

[54]. Such a solution is also known as the 

MPGI, and satisfies the following properties 

[50, 51, 53]: 

          

              (16) 

               

               

Equation (15) is not adequate in handling 

round-off errors and other numerical 

problems [49], [52], [55]. The Singular Value 

Decomposition (SVD) is a good alternative. It 

is efficient and can be run with the help of 

Maple software, 2020 edition.  It works as a 

method for decomposition any matrix into 

three components, of which the pseudo-

inverse can easily be found [52], [54], [55]: 

                                                  

Equation (18) gives the MPGI: 

                                              

 

where,         ;          ;         ; 

        ; and          . Also,     

                  .  

It should be noted that F is the original 

matrix, V and U are unitary matrices, and D is 

a diagonal matrix [49, 57]. More details on 

SVD can be explored in the cited literature.   

From equation (14), a new equation result;  

                                                 

Equation (19) is the formula for obtaining the 

matrix's solution (M).  

 

B. Application of SVD for Pseudo-

inverse 

Equation (20) and (21) shows the three 

obtained models for ALH and DLH plot of 

volume flux against outlet angle respectively 

(Fig. 2-4 and 5-7). The equations have been 

truncated to aid comprehension, but the full 

numerical values were used in the calculations.  

                               

                        

                               

                           (20) 

                               

                        

Where,                 are volume flux for 

flow from sand sample A to B, A to C, and A 

to D, respectively.   is the outlet angle. 

                               

                        

                             

                           (21) 

                              

                        

Where,                 are volume flux for 

flow from sand sample B to A, C to A, and D 

to A, respectively.  

Using the models in equations (20) and (21), a 

generalized model can be obtained for each of 

the sample’s arrangements (ascending and 

descending). This follows the concept of the 

addition of vector spaces covered by each 
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model to obtain a generalized model for each 

system of arrangement [58]–[60]. We will be 

referring to this model as the Vector Space 

Model (VSM):  

                                

                            (22) 

                                

                            (23) 

where, 

                              

                

But, we intend to propose another New 

Model (NM). From equation (20) and (21), a 

matrix of the form of equation (8) can be 

obtained, with ŋ, α, β, and ɣ equal to 

                respectively.  
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Making the outlet angle parameters the subject 

of the formula for equations (24) and (25) in 

line with equation (19) results in; 

(
                              

                              

                              
     

         

         

         
)

 

 

(

   
   
   

)   (

 
 
 
 

)        (26) 

(
                              

                              

                              
     

         

         

         
)

 

 

(

   
   
   

)  (

 
 
 
 

)       (27) 

Running the SVD algorithm to obtain the 

pseudo inverse of the 3x4 matrices in 

equations (26) and (27) gives the 4x3 matrices 

of equations (28) and (29). Assuming a 

volume flux range of 0-0.2148 ms-1, a set of 

solutions can then be estimated for the outlet 

angle parameters. The chosen volume flux 

range is not out of place with the experiment 

data, since from Table 2, there is a range of 0-

0.1760 ms-1. The assumed values are 

subsequently referred to as the Volume Flux 

for Model (VFM).  

(
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)  
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)    (29) 

Note**: For equations (28) and (29), VFM = 

0 was used as the starting point of the 

iteration, hence the 3x1 matrices on the left-

hand side. The summary table of the obtained 

outlet angle parameters for each 

corresponding VFM for ALH and DLH is 

shown in Appendix Table 1.  

A plot of the VFMs against corresponding 

outlet angle parameters was made for ALH 

and DLH, to reveal a relationship between 

volume flux and the deflection of flow (outlet 

angle). Figures (8-10) show the plots. The 

statistical tool known as Mean Absolute Error 

(MAE) was employed to choose the best 

model. Tables (3) and (4) show the statistics 

summary table for the ALH and DLH, 
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respectively. Equation (30) shows the 

employed formula; 

    
∑ |                            |
  
   

  
  

(30) 

To conclude the research, Table (5) shows the 

average volume flux from the experiment, 

volume flux estimated from VSM, and volume 

flux estimated from NM. This was obtained 

by substituting the known angles into 

equations (22) and (23), and that of NM.  

III.   Result and Discussion 

A. Ascending Layer Heterogeneous 

(ALH) 

Figures (2-4) show the plot of experimental 

volume flux against outlet angle (solid blue 

line) and a 3rd order polynomial model fit (red 

dash line) for ALH. From Figures (2-4), it can 

be observed that the volume flux for all the 

sand samples experiences a peak at around 

60°, except for sample AD, where there was a 

shift to about 65°.  This is in line with the 

findings of [33]. A proposition can be made 

that, at lower angles of outlet angle 

(specifically 0°) for ALH, a lower volume flux 

can be expected, but this is not absolute 

within all porosity limits, as observed in 

sample AD (Figure 4), where a volume flux 

even lower than that experienced in 0° was 

later recorded at about 40° outlet angle [3], 

[22], [27], [31], [32]. Furthermore, although 

there is limited data, it can be inferred that, 

with an increase in the porosity difference 

between two media, the volume flux at the 

interface associated with right angles will tend 

to increase.  This can be observed with the 

volume flux at 90° outlet angle in Figures (2-

4).  

In addition, the models show increased 

divergence as the porosity difference between 

interfaces increases. The plots for sample AB 

and AC (Figures 2 and 3) have R2 value of 

0.99 and 0.97 respectively, while sample AD 

(Figure 4) have 0.80. This implies that, even 

for the lowest R2, value model, 80% of the 

 
Figure 2: Plot of experimental volume flux 

against outlet angle for sample AB 

 

Figure 3: Plot of experimental volume flux 

against outlet angle for sample AC 

 

Figure 4: Plot of experimental volume flux 

against outlet angle for sample AD 
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dependent variable (volume flux) can be 

explained by the independent variable (outlet 

angle). Although small sample data can make 

R2 biased, it remains the best statistical tool to 

judge the fitness of models [61-63]. Therefore, 

the 3rd order polynomial models as expressed 

by equation (20) for the ALH are all of a good 

fit. 

i. Pseudo-inverse for ALH 

Table 1a in the appendix shows the estimated 

outlet angle parameters, obtained from the 

numeration using SVD. The plot of the VFM 

against each of the parameters is shown in 

Figures (5-7). The plot in Figure (5) stands out 

because of the negative values of the outlet 

angle parameter ŋ. This is not out of place 

because the pseudo-inverse used in estimating 

the outlet angle parameters is a least square 

method. This means, obtaining values that 

seem out of place cannot be ruled out since 

only the unique matrix that satisfies the MPGI 

properties is acceptable [52], [53].  

The three plots (Figures 5-7) have an R2 value 

of 1.00 each, which shows that the 

independent variables account for all the 

independent variables. The equation of model 

for each parameter is: 

                           (31) 

                          (32) 

                          (33) 

where,              are the estimated volume 

flux using the           parameters, 

respectively.           are the estimated 

outlet angles or deflection angles. 

ii. Back-testing Models for ALH 

Mean Absolute Error (MAE), which is a 

statistical tool, was used to determine the 

most accurate model between NM (equation 

33) and VSM (equation 22) for the ALH 

model. The actual experimental data (Table 2) 

was the source of input for both models, 

resulting in Table 4.  

 

 

 

 
Figure 5: Plot of VFM against outlet angle 

parameter ŋ 

 

 
Figure 6: Plot of VFM against outlet angle 

parameter α 

 

 
Figure 7: Plot of VFM against outlet angle 

parameter β 
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iii. Mean Absolute Error (MAE) for ALH 

Table 3: Statistics summary table to estimate the model with the least Mean Absolute Error (MAE) for 

ALH 

VFM ŋ |ŋ-VFM| α |α-VFM| β |β-VFM| 

0 0 0 0 0 0 0 

0.0195 0.0194 0.0001 0.01951 0 0.0194 0.0001 

0.0390 0.0388 0.0003 0.0390 0 0.0388 0.0002 

0.0586 0.0582 0.0004 0.0586 0 0.0582 0.0004 

0.0781 0.0776 0.0006 0.0781 0.0001 0.0777 0.0005 

0.0977 0.0969 0.0007 0.0976 0.0001 0.0971 0.0005 

0.1172 0.1163 0.0009 0.1171 0.0001 0.1165 0.0007 

0.1367 0.1357 0.0010 0.1366 0.0001 0.1359 0.0008 

0.1562 0.1551 0.0011 0.1561 0.0002 0.1553 0.0009 

0.1758 0.1745 0.0013 0.1757 0.0001 0.1747 0.0011 

0.1953 0.1939 0.0014 0.1952 0.0001 0.1941 0.0012 

0.2148 0.2133 0.0016 0.2147 0.0002 0.2135 0.0013 

Using equation (31), the β parameter (equation 33) with the MAE of 0.0007 has the lowest value, and 

hence is the best model 

Table 4: Statistics Summary Table to Estimate the Model with the Lowest Mean Absolute Error 

(MAE) for ALH 

Volume Flux for Ascending Order of Porosity 
(ALH) 

Outlet 
Angle 

(°) 

Average ΔP = 
0.122 

q x 10-4 

(ms-1) 

VSM 
q x 10-4 

(ms-1) 

NM 
q x 10-4 

(ms-1) 

|           | 
(ms-1) 

|          | 
(ms-1) 

0 0.0086 0.4882 0 0.4796 0.0086 

20 0.0098 0.3658 0.1207 0.3560 0.1109 

50 0.0397 0.2202 0.3018 0.1805 0.2621 

70 0.0561 0.1228 0.4226 0.0667 0.3665 

90 0.0275 0.0045 0.5433 0.0230 0.5158 

 

 

 

From equation (30): 

    
∑ |               |
  
   

 
  (34) 

       
|      |

 
             (35) 

      
|       |

 
            (36) 

**Note: Average ΔP is the average of the ABΔP, ACΔP, and ADΔP, and their corresponding volume 

flux 
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From Table 4, it can be observed that the 

|NM-Average| column values have a greater 

divergence when compared to that of the 

|VSM-Average|column, from the Average 

ΔP column. This is verified by the MAE 

estimate of the VSM being lower than that of 

NM from equations (35) and (36), 

respectively. This means VSM is preferable to 

NM, but they can be used interchangeably 

since the difference in MAE is negligible.  

B. Descending Layer Heterogeneous 

(DLH) 

Figures (8-10) below show the plot of the 

experimental volume flux against the outlet 

angle for the samples BA, CA, and DA 

respectively. This is for the DLH. The fitted 

models are the dash red lines, while the 

experimental plots are the solid blue lines.  

As observed by [33], the volume flux generally 

increases to become maximum at the zero-

outlet angle (0°) in all the plots (Figures 8-10). 

This implies that the fluid's velocity profile 

when moving from a higher to lower porosity 

medium can be expected to be maximum at 

zero degrees angle of deviation from normal 

[4]. Samples BA (Figure 8) and CA (Figure 9) 

generally follow the same pattern, but that of 

DA (Figure 10) is more chaotic. This chaos 

was also observed in sample AD (Figure 4) for 

ALH. We believe this is a result of the 

increase in the porosity difference between the 

interfaces (for this case a sudden decrease in 

porosity), which implies more energy being 

needed to sustain flow.  

This results in a chaotic flow, which can be 

described as a more non-darcian flow. 

Furthermore, as the porosity difference 

between interfaces increases, the models (dash 

red lines) show increased divergence from the 

actual data plot (solid blue lines). The model 

fit for all the plots is of 3rd order polynomial 

type, with an R2 value of 1.00, 1.00, and 0.97 

respectively for samples BA, CA, and DA 

(Figure 8, 9, and 10).Taking into consideration 

the model with the lowest R2 value (0.97), 

97% of the dependent variable (volume flux) 

can be explained by the independent variable 

(outlet angle). Therefore, the 3rd order 

polynomial models as expressed by equation 

(21) for the DLH are all good fit. 

 
Figure 8: Plot of experimental volume flux 

against outlet angle for sample BA 

 

Figure 9: Plot of experimental volume flux 

against outlet angle for sample CA 

 

 
Figure 10: Plot of experimental volume flux 

against outlet angle for sample DA 
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i. Pseudo-inverse for DLH 

Table 1a in the appendix shows the estimated 

outlet angle parameters, obtained from the 

numeration using SVD. The plot of the VFM 

against each of the parameters is shown in 

Figures (11-13). The plot in Figures (12 and 

13) stands out because of the negative values 

of the outlet angle parameters α and β. This is 

not out of place as explained earlier.  It is 

recommended that researchers try as much as 

possible to carry out many trial measurements 

during experimentation, to reduce the chances 

of dealing with an under-determined system. 

This will help to reduce errors and 

unexplainable values during numeration. 

The three plots (Figures 11-13), have an R2 

value of 1.00 each, which shows that the 

independent variables account for all the 

dependent variables. The equation of model 

for each parameter is: 

                               (37) 

                            (38) 

                           (39) 

Where,              are the estimated 

volume flux using the           parameters, 

respectively.           are the estimated 

outlet angles or deflection angles. 

ii. Mean Absolute Error (MAE) for 

DLH 

Using equation (30), the β parameter equation 

(39) with the MAE of 0.0001 has the lowest 

value, but using the model is not feasible as it 

will yield negative volume flux values. Hence, 

the ŋ parameter (Equation 37), which is the 

next best model in terms of low MAE value is 

suitable. This is not surprising, as only the plot 

of the ŋ parameter (Figure 11) is on the 

positive side of the outlet angle parameter. 

 

 

 

iii. Back-testing Models for DLH 

To test the effectiveness of the NM (equation 

35), in comparison to VSM (24) to model 

DLH, a back-testing has to be done with 

actual experiment data (Table 2). Table 6 

shows the estimated volume flux values for 

the outlet angles (0, 20, 50, 70, and 90) 

substituted into the VSM and NM DLH 

 

Figure 11: Plot of VFM against outlet 

angle parameter ŋ 

 
Figure 12: Plot of VFM against outlet 

angle parameter α 

 

Figure 13: Plot of VFM against outlet 

angle parameter β 
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model equations, with the corresponding 

MAE statistical parameters. 

    
∑ |               |
  
   

 
   (40) 

       
|        |

 
         (41) 

      
|           |

 
         (42) 

From Table 6, it can be observed that the 

|NM-Average| column values have a greater 

divergence when compared to that of the 

|VSM-Average|column, from the Average 

ΔP column. This is verified by the MAE 

estimate of the VSM being much lower than 

that of NM from equations (41) and (42), 

respectively. This means the VSM is more fit 

in modelling DLH than the NM.  

C. Application to Reservoir Systems 

As earlier stated, the experimental setup can 

be viewed as a local-scale combination of flow 

units, as a proxy for the system present in 

reservoirs. Therefore, a contributing factor to 

the less predictability of models in reservoirs 

can be attributed to the chaotic flow regime 

between flow units, as observed in our plots 

(Figures 4 and 10). But, the velocity profile 

should still follow our general observations: 

i. The increase in the volume flux is to 

be maximum at a higher angle from normal 

when the fluid flows from flow units of lower 

to higher porosity (ALH). 

ii. The decrease in volume flux from the 

maximum at the normal, to the minimum at 

the highest possible deviation from the 

normal, when flowing from a flow unit of 

higher to lower porosity (DLH). Of course, 

only an average porosity can be taken in the 

field from cores of different zones in a 

reservoir. Such properties gotten from cores 

are then used as the representative properties 

for the parent zones. This is also used in 

“extracting” the flow units that characterize 

reservoirs [16], [35], [39]–[41], [44]. Therefore, 

our propositions are not out of place. All that 

is needed is more sample taking to increase 

the cores' fitness to explain the parent 

properties accurately. 

 

 

Table 5: Statistics Summary Table to Estimate the Model with the Mean Absolute Error (MAE) for DLH 

VFM ŋ |ŋ-VFM| α |α-VFM| β |β-VFM| 

0 0 0 0 0 0 0 

0.0195 0.0196 0 0.0195 0.0001 0.0196 0 
0.0390 0.0391 0.0001 0.0389 0.0002 0.0391 0 

0.0586 0.0587 0.0001 0.0584 0.0002 0.0587 0.0001 

0.0781 0.0783 0.0001 0.0778 0.0003 0.0782 0.0001 

0.0977 0.0978 0.0002 0.0973 0.0004 0.0978 0.0001 
0.1172 0.1174 0.0002 0.1167 0.0005 0.1173 0.0001 

0.1367 0.1370 0.0002 0.1362 0.0005 0.1369 0.0001 

0.1562 0.1565 0.0003 0.1556 0.0006 0.1564 0.0002 

0.1758 0.1761 0.0003 0.1751 0.0007 0.1760 0.0002 

0.1953 0.1956 0.0003 0.1946 0.0008 0.1955 0.0002 

0.2148 0.2152 0.0004 0.2140 0.0008 0.2151 0.0002 
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Table 6: Statistics Summary Table to Estimate the Model with the Lowest Mean Absolute Error (MAE) 

for DLH 

Volume Flux for Descending Order of Porosity 
(DLH) 

Outlet 
Angle 

(°) 

Average ΔP = 
0.122 

q x 10-4 

(ms-1) 

VSM 
q x 10-4 

(ms-1) 

NM 
q x 10-4 

(ms-1) 

|           | 
(ms-1) 

|          | 
(ms-1) 

0 0.1615 0.4882 0 0.3267 0.1615 
20 0.1255 0.3658 0.5271 0.2403 0.4016 

50 0.0671 0.2202 1.3177 0.1531 1.2506 

70 0.0463 0.1228 1.8448 0.0765 1.7985 

90 0 0.0045 2.3719 0.0045 2.3719 

 

 

 

 

The probable flow path can be predicted once 

the flow units are known for their porosity. 

Such prediction would help correlate with 

other data in being precise about the location 

of accumulation, leading to less expense in 

drilling exploratory wells. 

IV.  Conclusion 

A laboratory experiment with heterogeneous 

layered media has been extended to the 

concept of flow units in hydrocarbon 

reservoir systems. The results showed that, 

when fluid flows from a flow unit of lower to 

that of higher porosity, a maximum volume 

flux is experienced at higher deflection angles 

from normal, and this tendency increases, 

with an increase in the porosity difference. On 

the other hand, a flow from a unit of higher to 

a lower porosity will result in the maximum 

volume flux being experienced at the normal, 

with decreasing magnitude as the deviation 

increases from normal. In addition, the flow 

becomes more chaotic and less predictable 

with the increase in porosity difference in 

both flow orders. But, it is crucial to note that, 

this flow system does not account for 

fractures. 

For ALH, the VSM and NM could be used 

interchangeably because of the negligible 

difference in their MAE, while for the DLH, 

only the VSM can be used, due to a lower 

MAE value compared to NM. For ALH 

system of two flow units of average porosity 

difference 0.122 ms-1, a VSM of:      

                           

                       was obtained, 

which could be used to estimate the volume 

flux from the known angle of deflection. In 

alternative,                     

      can also be used, where   is the 

deflection angle, and    is the volume flux. 

For DLH flow units, the model      

                           

                      was obtained 

and this could be used to estimate volume flux 

     at a corresponding deflection angle  ( ). 
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